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Abstract 

We develop the general quantum stochastic approach to the description of quantum 
measurements continuous in time. The framework, that we introduce, encompasses the 
various particular models for continuous-time measurements considered previously in the 
physical and the mathematical literature. 
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1 Introduction 

In recent years, the problem of how to describe the behaviour of a quantum system con- 
tinuously observed in time has been the subject of intensive investigations in the physical 
and the mathematical literature. This type of behaviour is generally not reversible in time 
and, hence, in particular, can not be described by the Schrodinger equation whose solutions 
are reversible. The present strong interest in this fundamental problem is to a large extent 
caused by the rapid development of experimental techniques, where experiments involving 
continuous-time (i.e. continuous in time) 'monitoring' of a quantum system have become 
possible [19-21,31,41]. 

The present paper develops, in the context of continuous-time monitoring, the general 
approach to the description of quantum measurements, formulated in [36,37]. The general 
framework, that we introduce, encompasses the various particular models for continuous-time 
measurements, considered previously in the physical and the mathematical literature. This 
concerns: 

• The Markovian models in the mathematical physics literature [1-10, 27,30], formulated 
either in terms of stochastic differential equations or in terms of semigroups of probabil- 
ity operators or in terms of the instrumental processes with independent increments. In 
fact, the stochastic equations used in all these models generalize the quantum filtering 
equation ([7-10] and references therein) which was derived in the quantum stochastic 
calculus modelling framework. This modelling framework satisfies the principles of non- 
demolition observation, introduced in [7-10]. It was, however, shown in [35] that the 
case of continuous-time indirect nondemolition measurement can be considered in the 
more general quantum theory setting, which is not based on the use of the essentially 
Markovian measurement model of quantum stochastic calculus. 

• The models of continuous-time observation in the physical literature [11,13,14,17,22- 
25,34,38,39,44,47-51], including those in quantum optics. The derivation of stochastic 
equations in all these models is based mostly on unraveling of the Master equation of 
Lindblad type [33] (cf, for example, [39, 50,51]) or on the phenomenological introduction 
of non-Markovian quantum trajectories [47-49]. 

As a prerequisite for our results in the main part of the paper, we review in Section 2 the 
main concepts of the operational approach (subsection 2.1) and the main ideas of the quantum 
stochastic approach (QSA) (subsection 2.2) to the description of quantum measurements. 

Sections 3-8 then develop the formalism for the description of continuous-time measure- 
ments from the general viewpoint of the QSA, formulated in [36,37]. The general scene is set 
in Section 3. Section 4 introduces the notion of a posterior pure state trajectory and gives its 
probabilistic treatment. The special case of Markov evolution is treated in Section 5. Section 
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6 establishes the notion of a measuring model of continuous-time direct quantum measure- 
ment and Sections 7, 8 address the questions of continuous-time nondemolition measurement. 
The final Section 9 consists of concluding remarks. 

2 Basic representations of quantum measurements 

This Section reviews both the operational approach and the quantum stochastic approach to 
the description of quantum measurements. 

By a quantum measurement we mean a physical experiment upon a quantum system 
which, resulting in the observation in the classical world of an outcome that to some degree 
characterizes the quantum system, may cause a change in the state of the quantum system, 
but not the quantum system's destruction. 

We distinguish between direct and indirect quantum measurements. 

A direct quantum measurement corresponds to a measurement situation where we have 
to describe the direct interaction between the measuring device and the observed quantum 
system, while in case of an indirect measurement, a direct measurement is made of some other 
quantum system, entangled with the one considered. 

The term 'generalized measurement', as usual, corresponds to the measurement situation 
with outcomes of the most general nature possible under a quantum measurement. 

Let a quantum system S, described in terms of a complex separable Hilbert space 7i, 
interact with another system (quantum or classical). The interaction, changing the initial 
state p of S into a certain new state, leaves some imprint in the classical world, the imprint 
being described as a point u in some standard Borel measure space 0(0, J 7 ). Denote by B(H) 
the Banach space of all bounded linear operators on 7i. 

Consider first the most general scheme of the complete statistical description of any gen- 
eralized quantum measurement. This kind of description implies the knowledge of the proba- 
bility distribution of different outcomes of a measurement and a statistical description of the 
state change of the quantum system under this measurement. 

We introduce the following notation. 

Let tt(B;pq) = Probjo; G B;p } be the probability that the imprint u) in the classical 
world belongs to a subset B G T . 

Let Fjx{Z;p \B} be the conditional expectation of any von Neumann observable Z = 
Z*,Z G B(7i), at the instant immediately after the measurement and conditioned on the 
outcome uj G B. 

The posterior state (or posterior density operator) p out (B; p ), of the quantum system 
conditioned by the imprint B in the classical world, is defined indirectly as the solution to 

Ex{Z;p \B} = tr{p out (B;p )Z}, (1) 

(for arbitrary Z and B) and constitutes the statistical description of the state change of the 
quantum system under a measurement when only the event that uj belongs to B has been 
recorded (cf. [42,43,2,36,37]). 

The unconditional posterior state p out (ty Po) of the quantum system corresponds to the 
situation where the imprint u in the classical world is ignored completely. 

1 A standard Borel space is a measurable space that is isomorphic to the real unit interval. In particular, 
any Polish space is standard Borel. 
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Any posterior state p out (B\ p ) can be described in terms of a family of statistical operators 
{p out (u>; p ),uj G Q}, defined 7r-almost everywhere (a.e.) on f2, and usually referred to as the 
family of posterior states. Specifically, for all B G T with ir(B; p ) ^ 0, 

lT3 \ Ib Poutfa p )^(div; p ) 
PoutK B iPo) = \ I 2 ) 

For the unconditional posterior state p out (Q; p ) the relation @ can be considered as the 
usual statistical average over the posterior states p ou t(^]po) with respect to the probability 
distribution ir(duj;p ). 

For any type (direct or indirect) of a generalized quantum measurement the operational 
approach [15,16,26,32,42,43,2,29] can be used for the most general mathematical specification 
of all of the above-mentioned elements of the statistical description of a measurement. 

2.1 The operational description of a generalized quantum measurement 

In the frame of the operational approach the mathematical notion of a quantum instrument 
plays a central role. 

Specifically, a mapping J\f (•)[•}: T X BiTL) — » BiTL) is called a quantum instrument if M(-) 
is a cr-additive measure on (0,JF) with values Af(B), B G J 7 , that are normal completely 
positive^ bounded linear maps BiTL) — > BiTL) such that the following normalisation relation 
is valid: N(n)[I] = I. 

In the frame of the operational approach it is assumed that 

Ex{Z;Po|B} .«!)M, (3) 

k{B;pq) 

In case Z = /, from (|3|) it follows that the probability distribution tt(B; p ) of outcomes under 
a measurement is given by 

TriB;p )=tr{p M(B)[I]}, VBGf. (4) 

The positive cr-additive operator- valued measure M(B) = M(B)[I], satisfying the con- 
dition M(Q) = I, is called a probability operator-valued measure or a POV measure, for 
short. 

Due to (|3|), in the frame of the operational approach the posterior state p ou t(B; p ), con- 
ditioned by the outcome w£B and defined by the relation (|]), is representable as 

M(B)[p ] 
n{B;p ) 

where .M (!?)[•] denotes the map dual to ftf(B)[-], which acts on the Banach space T(TL) of 
trace-class operators on TL and is defined by 

ti {kM(B)[Y]} = tr{M(B)[K]Y}, (6) 

for arbitrary Y G B(TL), K G T(TL). Since M(Q)[I] = I, it follows from @ that tr{M{Q)[p]} = 
1 for any density operator p G T(TL). We follow the terminology of [29] and refer to A4(-)[-] 

2 For the definitions of normality and complete positivity see, for instance, [29] 
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as a quantum instrument associated with the quantum instrument 7V(-)[-]. Due to (|5|) we also 
have 

7r(B;p )=tr{M(B)[p ]}, VfiGf. (7) 

For any initial state p of a quantum system the family of posterior states {p ou t(w, p ), u> € 
Q} always exists [42,43,2] and is defined uniquely, 7r-almost everywhere, by the relation: 



tT{ Pout (u;Po)Y}<d^,Po) = tv{ Po M(B)[Y}}, (8) 
for all Y € B(H),VB € T. From (§) and (|) we have, in particular, 

that is, the posterior state p out (uj; p ) is a density of the measure -M(-)[/3 ] with respect to 
the probability scalar measure ir(-;p ). Further, from (||) it follows that the unconditional 
posterior state is given by 

Pout (n-p ) = M(n)[ Po ]. (io) 



It was proved in [36] that for any quantum instrument there exist: 

• a positive finite scalar measure on (O, J-)\ 

• positive integer iVo < oo; 

• a dimension function N(-), defined i/-almost everywhere on fi, with values being positive 
integers N(u) < oo; 

• positive numbers a,, summing up to one Yli^i a i = lj 

• a family {W{ n : i = l,...,No;n = 1,...,/} (with I being equal to u-sup{N(u),uj € 
Q}) of bounded linear operators Wj n : H — > £2(^1 ^;^0> satisfying for V/, <? G the 
orthonormality relation 

/ E ((^WX"), (W^HMc&O = (f,g)S jU (11) 

^ n=l 

such that for V-B E J' 7 , \/y € £>(?^) and V/, g G the following integral representation 
for a quantum instrument is valid: 

N 2V(w) 

(/,AT(B)[y] 5 ) = ^ a! / £ ((Win/)(w),y(Wm3)(o;))i/(da;). (12) 

i=l ^ B n=l 

The integral representation (^) is, in general, different and more detailed than the rep- 
resentations available in the mathematical and physical literature [28,45,51]. The latter 
are similar to the Stinespring-Kraus representation for a completely positive map on 
B{7i) (cf., for example, [29]). The most essential difference is due to the orthonormality 
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relation (|ll|), which is not present in the Stinespring-Kraus like representations of a 
quantum instrument [5,28,29,45,51]. Moreover, since the two different types of indexes 



i,n enter the orthonormality relation (11) in quite different manner, the double index- 
ing in (|l~2l ) can not, in general, be presented as a single one without loss of the natural 
structure of an orthonormality relation (see [36] for further discussion). 

We would like to underline here that having the elements of one integral representation of 
an instrument one can construct, due to the definite transformation rule (see [36]), a plenitude 
of other integral representations of the same instrument with different families of operators 
{W/ n } and different scalar measures z/, the latter being, however, of the same type: [z/] = [u]. 

The operational approach, while essential for the formalization of the statistical descrip- 
tion of any generalized quantum measurement, does not, in general, specify a possible random 
behaviour of the quantum system under a single measurement. In other words, the opera- 
tional approach, in general, does not give the possibility to include into consideration the 
description of the stochastic, irreversible in time behaviour of a quantum system under a sin- 
gle measurement, depending on an outcome u in the classical world. The description of such 
stochastic behaviour of a quantum system means the specification of a probabilistic transition 
law governing the change from the initial state of the quantum system to a final one under a 
single quantum measurement. We refer to this kind of description of a quantum measurement 
as a complete stochastic description. 

The operational approach also does not distinguish between direct and indirect measure- 
ments. 

In this connection we would like to underline that in quantum theory any physically based 
problem must be formulated in unitarily equivalent terms and the results of its consideration 
must not be dependent either on the choice of a special representation picture (Schrodinger, 
Heisenberg or interaction) or on the choice of basis in the Hilbert space. Moreover, in general, 
the description of any direct quantum measurement can not be simply reduced to the quantum 
theory description of a measuring process, as it is now usually considered in the mathematical 
and physical literature. For this kind of measurement situation we can not specify definitely 
either the interaction, or the quantum state of a measuring device environment, or describe 
a measuring device in quantum theory terms alone. In fact, under such a scheme the de- 
scription of a direct quantum measurement is simply transferred to the description of a direct 
measurement of some observable of an environment of a measuring device. 

We recall that for the case of discrete outcomes the original von Neumann approach [40] 
describes specifically a direct quantum measurement and gives both a complete statistical 
description and a complete stochastic description of this measurement. Specifically, if the 
initial state p of a quantum system is pure, that is, p = \^ )(^ \, and if under a single 
measurement the outcome Xj is observed, then in the frame of the von Neumann approach 
the quantum system 'jumps' with certainty to the posterior pure state 

^#o)ftW (13) 
\\Pj%\\ 

where Pj is the projection, corresponding to the observed eigenvalue Xj of the observable 
Z = ^jPj- The probability (ij of the outcome Xj is given by 

Mi =ll^ol| 2 - (14) 
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An approach, giving both - a complete statistical and a complete stochastic description 
of a direct quantum measurement with outcomes of the most general possible nature was 
introduced in [36,37]. This approach is called quantum stochastic and refer to it as QSA. 



2.2 Quantum stochastic approach 

It was shown in [36] that any generalized direct quantum measurement (cf. Subsection 2.1 
above) can be described in terms of certain scalar measures on a standard Borel space ($7, J-) 
and associated stochastic evolution operators, describing the stochastic evolution of the quan- 
tum system in the Hilbert space TL conditioned by the observed outcome u>. We refer to the 
collection of these quantities as a quantum stochastic representation, or QSR, of a generalized 
direct quantum measurement. For simplicity, we consider below only quantum stochastic 
representations for which the quantum stochastic evolution operators are bounded. 

From the point of view of the operational approach, the QSA specifies, in particular, 
the type of a quantum instrument, corresponding to the description of a generalized direct 
quantum measurement. 

In particular, it was shown in [36] that any generalized direct quantum measurement can 
be interpreted to correspond to an invariant class of unitarily equivalent measuring processes 
(statistical realizations). For an invariant class of measuring processes the elements of the 
integral representation (|l2| ) of the corresponding instrument are the same for all measuring 
processes from this class and are given only through the unitary invariants of the measuring 
process. The special form of this integral representation of an instrument, corresponding to 
the invariant class, is called quantum stochastic. 

According to the QSA, to every generalized direct quantum measurement there exists a 
unique quantum stochastic representation of a measurement, giving a complete statistical and 
stochastic description of this measurement, in a precisely specified sense. 

Specifically, by a quantum stochastic representation (QSR), we mean a collection 



consisting of three families of elements where: 

• qji(uj)i/(duj),i,j = 1, No] Nq < oo are complex scalar measures on a standard Borel 
space (fl, T) , absolutely continuous with respect to a finite positive scalar measure u(-), 
with qu(uj) > and satisfying the orthonormality relation 



• the cti, i = 1, ...,Nq constitute a finite or countable sequence of positive numbers that 



• each Vi(oj),i = 1,...,Nq is a ^-measurable operator-valued function with values being 
linear bounded operators on Tt, satisfying the orthonormality relation 




(15) 




(16) 



sum to 1; 




(17) 



and such that, for any B G T and any index i 




(18) 
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We let 



Vi(du}) = q u (u)v(du), (19) 
v (duj) = y a.iVi(&bj) (20) 

i 

and refer to these as the input probability scalar measures. 

In case the index set for i consists of one element only we drop the index and assume that 
the probability density qu is identically 1, implying that is a probability measure, and 
we then say that the QSR is simple. 

The ^-measurable operator- valued functions Vi(uj), having the properties ( |i~7| ) and (18) 
are called in [36] quantum stochastic evolution operators. 

Consider in general the statistical and stochastic description of a quantum measurement, 
represented by a QSR. 

The quantum instrument, corresponding to a direct quantum measurement, which is deter- 
mined by the quantum stochastic representation Q, is given, for all B € T and all Y £ B(TC), 
by 

M{B)[Y] = Y,^M l (B)[Y] (21) 

i 

with 

Ni(B)[Y) = [ V?(u)YVi(u)ui((L;). (22) 
Jb 

The probability scalar measure 7r(do;; p ) on Q, defined by (|j), and the family of unnormalised 
posterior states rj out (u>; p ) on Ti are presented by the following specifications 

vr(dtj;p ) = ^aitr{Vi(u)p V*(u;)}vi(du;), (23) 

i 

Vout(u;p ) = ^2a i V i (u;)p V*(uj)q ii {uj). (24) 

i 

Introducing for every index i = 1, iVo the unnormalized posterior state 

r ] ^ t (u-p ) = V i (u)p V*(u), (25) 
we present the unnormalized posterior states (|2~4|) and the probability scalar measure (^) as 

Vout(u) p ) = Yl a iVtt(u)rfZl t {u\ p Q ) (26) 

i 

and 

7r(du; p ) = am(duj; p ) (27) 
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with 

7Ti(dw; p Q ) = tr{r/2t(^; Po)W<M- (28) 

The probability scalar measures 7Tj(-; /0 ) and 7r(-; p ) are called output probability measures. 

Due to (|8|), ( p6| ) and (pgj), for the associated instrument we have the following 

representation 

M(B)[p ] = J2<XiMi(B)[p ], \/B£F, (29) 



M i (B)[ Po } = f V ® t (u;Po>M"), (30) 



where 



B 

and, consequently, for any index i the unnormalized posterior state r]^l t (uj; p ) can be consid- 
ered as the Radon-Nikodym derivative ^— 1 of the i-th associated instrument M.i with respect 
to the input probability measure V{. 

If the recorded result in the classical world is (only) that the outcome uj belongs to a 
certain set B € T then the corresponding probability of this and the ensuing knowledge of 
the (normalised) posterior state of the quantum system are represented, respectively, as 



B 



^(B^Po) = I 7r(dw;p ) (31) 

and 



Pout{B,p ) = 7^ r . (S2) 



Due to the decompositions (||), @) and fl27l) , in the frame of the QSA (•)[•], 
r)ol t (uj; p ), Ui(duj) and 7Tj(-;p ) are interpreted to present the instrument, the associated 
instrument, the unnormalized posterior state, the input and the output probability distri- 
butions of outcomes in the i-th random transition channel of a measurement, respectively. 
The statistical weights of the different channels i are given by aii, which are interpretable as 
probabilities. 

Let the initial state of a quantum system be pure: p = Due to the orthonormal- 

ity relation ( |T7| ) every pure state Vi(u})ipQ, i = 1, iVo, is interpreted in the frame of the QSA 
as a posterior pure state outcome in the Hilbert space 7i conditioned by the observed outcome 
us and corresponding to the i-th random transition channel of the quantum measurement. 

For the observed outcome u> the probability of the posterior pure state outcome Vi(uj)ip 
in TL is given by 



e%u ^ 12j a jqjj(u)\\v j (u)ij} \ 

The representation of the unconditional posterior state as 



v.„.X.AMT/.f,.,W,JI2- W 



Pouti^Po) = E ai / Vi{u)\^){^\V*{u;) Vi {du) (34) 



n 
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is considered in the QSA as the usual statistical average over the posterior pure state outcomes 
\Vi(cu)ip }(Vi(u))ip \,i = 1,2,... with respect to the input probability distribution of outcomes 
in channel i and with respect to the different channels, given with statistical weights 
a i: i = 1,2,.... 

Physically, the concept of different random channels correponds, under the same outcome 
u, to different underlying random quantum transitions of the environment of a measuring 
device, which we can not, however, specify with certainty. 

Direct measurements, on a given quantum system, described by different QSR are called 
stochastic representation equivalent provided the QSR give the same statistical and stochastic 
description,. For example, in the frame of the QSA, the notion of a von Neumann (projective) 
measurement of a discrete observable Z = £^ ^jPj corresponds to the stochastic representa- 
tion equivalence class of direct measurements on (M, £?(M)), for which the complete statistical 
and stochastic description is determined by the von Neumann measurement postulates [40], 
presented by the formulae (|l3|), (|i~4|). 

3 Continuous- time direct measurements in the frame of QSA 

We would like now to introduce the general QSR describing a continuous, over a time period 
(0, T], direct quantum measurement. In this case the outcome u>, characterizing continuous- 
time observation up to the moment < t < T, is given by a record {x T } T £(o,t]i presenting 
a trajectory x = {^t} t g(o,*] m a filtered standard Borel space (f2, {Tt}, -T 7 ), and without 
essential loss of generality we think of xt as real-valued and, for simplicity, we consider the 
case where the measure space is represented by D(0,T], the space of right continuous 
functions with left limits, defined on (0, T]. In this case, for any time t € (0, T] the trajectory 
Xq is cadlag (continue a droite, limite a gauche). Further, T\ denotes the <r-algebra generated 
by x\ = {x s } s <=(T,t] and we use the notation VL^. for the restriction of D(0,T] to the interval 



As discussed in Section 2, under the QSA for any generalized direct quantum measurement 
there exists a unique QSR. Then, in particular, under a continuous-time direct quantum 
measurement there must exist a unique QSR, describing this special kind of a generalized 
direct measurement. The elements of this QSR must have the time-wise properties that we 
now go on to describe. 

For simplicity, we consider only the case of simple QSRs. 

Thus, in the frame of the QSA, for any continuous-time direct quantum measurement, 
whose QSR is simple, at any moment of time t £ (0, T] there exist: 

• A unique input probability scalar measure ^q(-) on (Qq,^)', 

• A unique family of measurable (with respect to Tt) operator- valued functions {Vq(xq) : 
Xq G ^oi> defined z^-almost everywhere on Qq, with values being bounded linear oper- 
ators on 7i such that for any Bq £ Tt 



(r,t]. 




(35) 



and the following normalisation relation is valid 




(36) 
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From (^2|) it follows that for any continuous-time direct quantum measurement with a 
simple QSR at any moment of time t the instrument A/q (•)[■] must be represented as: 



for G ^t^y G B(H), with similar time -wise notation for the associated instrument 
■Mg(-)[-], the POV measure Mq(-), the output laws vtq(-;pq) and the family of unnormalized 
posterior states {^tutC^O' Po) '■ x o G ^oi> defined z^-a.e. on Qq. 

Furthermore, we must include into the specification of the QSR, describing the continuous- 
time direct measurement, the conditions that: 

• At all moments of time until T the input probability scalar measures (describing physi- 
cally the measurement situation under which the quantum system is not entangled with 
a measuring device) must be compatible in time; 

• The output laws 7Tq(-; p ) should be also compatible in time, corresponding to the com- 
patibility in time of the POV measures Mq(-); 

• We assume that for any initial pure state tp £ H under the continuous-time observation 
the posterior pure state outcome, being a trajectory in the Hilbert space H, presented at 
any moment t by the quantum stochastic evolution operator as Vq(xq)iP , is continuous 
in t from the right in the norm on Tl, VQ-a.e. on Qq, with the limit of Vq (xq)V'o as i j 
being equal to ip . Under this specification, the situations where the quantum system is 
isolated, are included into our representation as a special case. In this case, for any t the 
quantum stochastic operator Vq does not depend on the event Xq in the classical world 
and is given by a unitary operator U(t, 0), strongly continuous in t for any < t < T 
both from the left and from the right. 

Summing up all the above-mentioned points, we introduce the following time-wise spec- 
ification for the elements of the simple QSR, describing a continuous-time direct quantum 
measurement: 

• A unique collection {i^(-) : < r < t < T} of input probability scalar measures such 
that every z^-(-) on (f2*,^) is the restriction of the input probability scalar measure v: 



• A unique family {Vq(xq) : x l € Oq,0 < t < T} of measurable (with respect to Tt) 
operator-valued functions Vq(-) : Oq — > B(H), defined z^-almost everywhere on Qq, 
such that, for any < t < T and any Bq £ J~t, 




(37) 




v(% xB^x nj); 



(38) 




(39) 



These operator-valued functions satisfy the normalisation relation 




(40) 
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and the initial condition 



Hm||y i (x^-V||w = 0, V^GW, (41) 



i/Q-a.e.on f2 ; 



A unique family {V*(xq) : x l G ^g,0 < r < t < T} of measurable (with respect to F t ) 
operator- valued functions V*(-) ■ — > B(Ti), defined z/Q-almost everywhere on Og, and 
such that for any < r < t < T and any B l T G J^, Xq G 

/ F T *(x*)4(d4|4))G,B(H), (42) 
and the following normalisation relation is valid^ 



/ 

./fit 



These operator-valued functions are associated with the family of operators {Vq*(xq)} 
via the cocycle condition 

K?(*$) = ^Vo)Km (44) 

valid for any t G (0,T],r G [0,T],s € (0, T],r < s < i, z^Q-a.e. on Qq and where 
V*{xo)\t =T = I. Furthermore, 

hm ||^(4)^- VI lw = 0, V^Gft, (45) 

z^o-a.e. on Qq. 

We shall show later that the cocycle relation (44), together with the normalisation relation 

ensures the compatibility of the time dependent POV measures. 
For the introduced time-dependent QSR we have the following collections of time depen- 
dent quantum instruments 

{K(-)[-]--0<t<T}, (46) 
K(B t )[Y]= f (V^xDTYV^xlHidxl), VBleFuVYeBiH) (47) 

JBk 



and 



{MU-)[-]):0<t<T}, (48) 
MI{BI)[k]= I F t (4) K (y *(4))V*(dx ) ; VS*G^,VkGT(H). (49) 



In ([42|) , (|43|) v\ (&x T \xq) denotes the conditional probability measure on (fi*, 
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The corresponding collection of time-dependent POV measures and the family of time- 
dependent unnormalized posterior states are presented as 

{M*(-) : < t < T}, (50) 

Mt(B t )= l\vt(4))X(4H(d4), VBleK, (51) 
Jb* 

and 

{v t out(-,Po)-0<t<T}, (52) 

vlut(4; po) = v^xDpoiv^xl))*, v4 e o* , (53) 

respectively. 

The collection of time-dependent output laws has the form 

{7T* (-;Po):0<t<T} (54) 

with 

*t(BhPo)= f tr{y o Vo)Po(^Vo))>o(d4), VBltTt. (55) 



At any moment of time t and for any Bq £ Tt the normalized posterior states are given 

by 

n t m t. n s _ /B ?) ^K;PoK(d4) _ MUBplpp} 
P (5 °' P0) " <(Bj^o) - AW,*) • (56) 

In the sequel we shall also use the following notation for the unconditional posterior state: 

p t (p ) = pH^Po) = Ml(nl)[p ], (57) 

satisfying the initial condition p t (po) —> Po as t [ in the trace norm on T(7i). 

Due to the relations fl38|), ( |43| ) and (E3]), for any t > r, we have the following martingale 
property 

/ (vt(4)yvt(4M(dxUxi) = (v T (z5))XK), (58) 

from which it follows that the collection ([5(]) of time-dependent POV measures is compatible 
in time, that is, for any Bq £ T T we have: 

Ml{Bl) = I {V Q \xl)fV Q \xl)ul{dxi) 

J B T 

= Ml{Bl). (59) 



For any < r < t and any Y & B(Ti), for the instruments from the collections (|4q ) and 
) we have the following properties: 

jv2(dx*)[y] =M5(dxZ)W(dx t T \xt)\y\], (eo) 
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Ml(d4)[K] = MUdxllxDiMUdxDM, (61) 
where we have introduced the notation 

A/?(d4|*5)[r] = (K r t (4))*yy r *(x*)^(d4k5) ) vy e b(h), (62) 



^Ud4k5)M = K t K)«(K(4))*4(d4ko), Vkgt(^), (63) 

for instruments A/"*(-|xq)[-] and .M* (•|a?o)[ , ] 3 which we call conditional. 

Due to the properties (||)-(||), the collection {.M&(0&)[-] : < t < T} with 



M t (Q t )[ K ]= V^xDniV^xDy^dxi), V K GT(W), (64) 
Jet* 

and the collection {.M* (fi* : < r < t < T} with 

M t T (n t T \xi)[ K ]= f y T t (x*)K(y T *(x*)r4(d4!x5), v K eT(w), (65) 

constitute families of time-dependent dynamical maps (cf., for example, [29]). We shall call 
the dynamical map, which we introduce by (^), conditional. 

It follows also from ( |38|) - (|45|) that for any < r < t < T the time-dependent dynamical 
maps .A4o(^o)[']> A / l^-(r2^-jxQ)[-] are strongly continuous in t from the right with the following 
limits: 

hm||^ f (^)M- K || r(w) =0, (66) 
]im\\MUrf T \xZ)[K}-K\\ nn) =0, (67) 

yk 6 T{7i), VQ-a.e. on JIq. 

4 Posterior pure state trajectories in a Hilbert space 

Together with an arbitrary pure initial state any given collection of quantum stochastic 
evolution operators {V * (•) : < t < T}, with the properties specified in Section 3, determines 
by 

<f>(t\xl) = Vo*(4)V>o (68) 

a posterior pure state trajectory {(P(t\xq)} t£ ^^] i n the Hilbert space <8>re(o,T]^ conditioned 
by the continuously observed trajectory x$ in the classical world. 

Due to the specification of the time-dependent QSR, presented in (|3^ ) - (|45|) this trajectory 
is continuous in t from the right for Vi E (0, T] 

lim[|0(t|4)-^r[x5)|| w = O. (69) 
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Furthermore, 0(£|xq) satisfies the limit condition 

lim«K*|4)=V>o ( 7 °) 
and, for any < t < T, the following normalisation relation holds 

\m\4)\\ 2 HK) = i. (71) 

According the QSA, {</>(t|£q)} tG (cm] presents a posterior pure state outcome under the 
continuous-time measurement, which depends on the observed trajectory Xq in the classical 
world. 

Thus, for the case of measurement continuous in time until the moment t both the observed 
outcome x f in the classical world and the posterior pure state outcome {<KT|xo)} T e(o,t] i n the 
Hilbert space ® T e(Q,iO^ are represented as trajectories. 

Introduce also for any t/j G TL and any s < t the notation 

$(t,8;x* ,il>)=V*(x t )il>. (72) 



Then from (43) it follows that for any if; E?i 

[ \Mt,s;4,i;)\\ 2 u(dx t s \x s Q ) = U\\ 2 , (73) 

and, due to the property (p4|), we have the following relation 

$(t; s; 4, $(«, r; x s , VO) = *(t, r; x , V>), (74) 

valid i^-a.e. on f2 for any t G (0, T],r G [0, T],s G (0,T],r < s < t. In particular, since 
4>(s\xq) = 0; Xq, V'o) we can a ^ so wr he 

*(*;*; a& <K*|z5)) = <H*|4)- (75) 

If the initial state p of a quantum system is pure, that is p = |V ; o)(V ; ol) then under the 
continuous-time direct measurement, described by the simple QSR, specified in Section 3, at 
any moment t G (0, T] the probability of the observed record Xq = {xr} T e(o,T] to belong 
to a subset Bq C SIq is given by 

4(^;p )= / ||0(t|xS)||M«) (76) 

and, due to (|73|) and (|75|), the collection {7Tq(-;p ) : * G (0>^1} °f output laws is compatible 
in time. 



The conditional posterior state flog ) and the unconditional posterior state (57) are repre- 
sented as 

„ t , I B <\<t>W4))(<t>(t\4)K(K) , , 

and 

p\po)= [ \Ht\4))(Ht\4)\4(d4), (78) 



and, thus, correspond, respectively, to conditional and unconditional statistical averaging 
over the posterior pure state outcomes |(/>(£|xo))(0(i|xg)| with respect to the input probability 
distribution fg(-). 
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5 The case of Markov evolution 



Consider now the special case of continuous-time measurement under which the quantum 
stochastic evolution operators V*(xq) satisfy the following restriction 

V*{x\) = F T *(4)> for all < r < t, (79) 

and these operators and the input probability measure v{-) are such that, for any < r < 
t <T, the conditional instruments .M* (£2* |#o)['] an d -A/^(^tl x o)['] become unconditional in 
the sense that they do not depend on measurement outcomes in the past, that is, i^-a.e. on 

Jo* 

v?(4)[.](v?(4))*4(d4) : = MKnDi-}, (so) 
KWlxDi) = [ (F T '(4))mV>t(d4K) 

Jo* 



(K t (4))*[.]K*(4)4(d4) :=K(ftM (si) 

In this special case, due to the properties ( |60| ) and (^), from (|79|), ( |80| ) and (81) it follows 
that, for all < s < t < T, 

JV»H = MmW^nDl-}], Mh(ntttt = Ml(nl)[M s (n s )[-}], (82) 

and hence, the collection {A1s(0*)[-] : < s < t < T}, where 



M'M)[-] = / KVJN(WJ)X(d4), (83) 

Jo* 

constitutes a family of time-dependent dynamical maps, satisfying the cocycle relations (|32"|). 
Furthermore, the unconditional posterior state p t (p ), given, in general, by (57), has here the 
following Markov property 

p t ( Po )=M t M)[p s (p )}, V0< S <t. (84) 

In ( p4[ ) we denote p°{po) := hni s jo P s (Po) = Po where the limit is in the trace norm on T(H). 

However, in contrast to the usual presentation of Markovian evolution of an open system 
(cf.[29] and references cited therein) under the restrictions (79) - (jS~l|), the family of dynamical 
maps (^3|) does not, in general, represent a quantum dynamical semigroup. 

Notice also that in the general QSA framework, considered in sections 3 and 4, the family 



( p3| ) does not generally satisfy the relations (82), which are, however, usually assumed to be 
valid for the description of continuous-time measurements in the frame of the operational 
approach (cf. [16,29]), for example, in the case of the so-called instrumental processes with 
independent increments [4-6, 29,30]. 

Given the condition (|79[), let us, further, specify a sufficient condition for the relations 
D, (H) to be valid. 
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Suppose that, for all < s < t < T, the random operator Vg(x s ) is, under the law z/(-), 
stochastically independent of Xq. Then the relations (|80|) and (^l|) are fulfilled. 

This sufficient condition is, in particular, true if the input probability measure v{-) satisfies 
the relation: 

v{dx T T \ x dx\\) = v(dx T T \)v{dx\\), (85) 

for all < T\ < T2 < t\ < t2 < T. In this simplest case the conditional instruments (|62|), 
( |63| ) become even infinitesimally unconditional in the sense that, for any < s < t < T, the 
instruments Nl(dx l s \xq)[-] and M. l s (fix* \xq)[-] do not depend on measurement outcomes in the 
past: 

K(dxl\x s )[-} = (V^(xl)r[■]VKxl)ul(dxl):=^n(dxl)[■], 
Mlidxllx'oft] = ^(x i s )[-](^(x*))*^(dx*):=X*(^ s )[.], (86) 

and hence, for any 6q € Jq, 6 

K(B S x £*)[■] =M^B s )[M t s (B t s )[.]], Ml(B s x Bl)[-] = ^(^)[^g(i3 s )[.]]. (87) 

From (|^) the relations (|0|), (|ID follow trivially. 

Another possible situation where the sufficient condition is fulfilled occurs when, under 
the law v(-), xt is a process with independent increments and the random operator V^x*), for 
all < s < t < T, depends stochastically only on the increments {(x r — x u ) : s < u < r <t}. 

Example. In recent years the different stochastic calculus models of continuous-time 
quantum measurement, based on the introduction of linear (as well as non-linear) stochastic 
differential equations for a process {ip t , t G [0, oo)} with values in a complex separable Hilbert 
space Tl, were intensively discussed in the mathematical and physical literature. 

As we have already mentioned in the introduction the type of stochastic equation, used in 
all these presentations, corresponds to the quantum filtering equation, derived in [7-10] for the 
quantum stochastic calculus model of continuous-time indirect nondemolition measurements. 

In the physical literature, in fact, only particular cases of such equations were considered. 

In the most general settings, the mathematical properties of this kind of stochastic model 
on a filtered probability space (0,{^}, J 7 , P) were analysed in [2,4,6,27,29,30]. 

For the type of stochastic model in question it is postulated [6] that: 

• the (unnormalised) posterior state vector of the quantum system under continuous- 

time observation satisfies a stochastic differential equation of Ito's type 

dip t = -K t 4> t _dt + J2 L kt^t-MV kt + (88) 

+ / (J^ t _)(y)U(dy,dt) 

Jy 

with a non-random initial condition tp = u € 7i\ 



17 



the i? d -valued observed output process is denned to be 
Xi(t) : 



rt 00 rt 

= \ Ci(s)ds + y~] / a ik (s)dWks + 
Jo k=1 Jo 

+ / ^(g(y,s))gi(y;s)U(dy,ds) + 
Jyx(o,t\ 



+ 



yx(o,t] 1 + \9i{y;s)\ 



r II(dy,ds), 



with the functions 



c 
5 



(0,oo) -> 
(0,oo) -> i?, 

3> x (0,00) 

l,|2 



(90) 



1+ z 



• i = l, d; k = 1,2, 



The following assumptions are supposed to hold [6] for the stochastic model, defined by 
I)-©: 



• For any t 6 (0, 00) and any k = 1,2, ... the operators JTt € B(TC), Lkt £ B(TC), Jt € £>(H, 

l 2 (^,k-);^)); 

• + -K"* = X)fc^=i ^tt^kt + ^t* (-^ ® 7t)<^ with 7 t being a bounded multiplication operator 
on the space L 2 (3^, f (•); C); 

• The Wkt are independent Brownian motions; 

• Il(dy,dt) is an adapted Poisson point process on y x [0, 00) of intensity r ) t (y)v(dy)dt 
and increments independent of the past; 

• II(dy,dt) = II(dy, dt) — j t (y)v(dy)dt is the compensated Poisson process; 

• W = {Wkt} and n(dy, dt) are independent; 



Due to these assumptions, under the law P the output process fl89|) is a process with 
independent increments. Let E\, 0< s < t denote the cr-algebra generated on Q by (X(r) — 
X(s)), r € [s,t]. Under a number of regularity conditions, it was proved in [6] that: 

• The Cauchy problem for the equation (|8"8|), with a nonrandom initial condition tp = u 
at time t = has a unique (up to P-equivalence) solution ip t = ^ t (0;tu;u) and for any 
t > the process HV'tll 2 is a positive martingale with 



E P {\\i, t \\ 2 }=\\u 



|2. 



(91) 
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• For any t > s the solution \I> t (s; w; £(u;)) of the equation (|8lf ) on the interval (s,t] 
with the initial (at time s) random condition where Ep{||£|| 2 } < oo, satisfies the 
relation 

E P {||^( S ;.;e)l| 2 } = Ep{||e|| 2 } (92) 

and, P-almost surely, 

^t(r;u;;^ T (s,uj;u)) = ^ t (s;uj;u), Vt > r > s; (93) 

• For any u €E H, A £ £>("H) and any 6 f* the equation 

E P {l B t (* t (s; •; u),A* t ( 8 ; •;«))} = («, ^(B^u), (94) 
defines a family of unconditional instruments {-/V*(fJ*)[-] : < s < t} with the property 




Recalling the results of Section 4, we see that the stochastic model of continuous-time 
quantum measurement, based on the introduction of the stochastic differential equation of 
the type (p8|), corresponds to a special case of our presentation, where for any to G f2* the 
quantum stochastic evolution operator is defined by the equation: 

* t (s; W ;V0 = KW, V^eW. (95) 

The unconditional posterior state of a quantum system in this stochastic model has the 
Markov property (|83|). 



6 Measuring model of continuous- time direct quantum mea- 
surement 

For any moment of time t € (0, T] let us construct, up to unitary and phase equivalence, 
a statistical realization, corresponding to the time-dependent QSR, specified in Section 3. 
We shall refer to the resulting realization as the measuring model of continuous-time direct 
quantum measurement, corresponding to the (simple) QSR. 

Let H(u) = 7~L{v, N; fly) be the direct integral [12], induced by a probability scalar measure 
f (•) and dimension function N(xq) equal to identity z^-a.e. on Uq . For such a dimension 
function the direct integral Ti.{y) is identical to L2(£Iq , v\ C). 

The relation 

{Xl(Bl)^ T )(xl) = X b t{4)M4)i (96) 

VBjf € T, Vy> T <E H(y), holding u-a.e. on Oq , defines a simple projection- valued measure 
Xjf (•) : T -> B(H(v)) of the type [*jf (•)] = [*/(•)] (cf.[12,36]). Here x b t denotes the indicator 
function of a subset B^. 
Letting 

XKBl) = X£(ni x B\ x ), (97) 
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the projection- valued measure Xq(-) defines by 

(X t T (B t T ) i p T )(x^)=x B ^4)M^), VS*GJ^, V^ T e%), (98) 

a collection : < r < i < T} of time-dependent, mutually commuting and compatible, 

projection-valued measures X^(-) on the standard filtered Borel space (fig , {Ft}, F) with 
values in B(TC(u)), satisfying for any 0<r<s<t<T the relation: 

X t T (B s T xB t s ) = X t s (B t s )X°(B s T ), (99) 

\/B l s £ J^.,VB^ £ J-^. In (||) is the restriction of Xg to the space fi*. For any t > t > 
the type [X£(-)] equals 

In the case considered, where N(xq) = 1, z^-a.e. on fig , a base of measurability (cf.[12,36]) 
consists of only one element ex, defined, up to unitary equivalence, by the relation |eT(^g")| = 
1, u-a.e. on fig". Since the measure v(-) is finite, ex £ T~L{y) and is an element of maximum 
type for every projection- valued measure X^(-): 

(e T ,X t T (.)e T )H( v ) = vH-)- (100) 
Now, introduce the complex separable Hilbert space JC(v) = TL® 

Let U u (t,0) be a unitary operator on JC(v), strongly continuous in t from the right for 
Vt £ (0, T], satisfying the initial condition s-lim^g U u (t, 0) = I (strong limit) and such that 
for any vector ifi £ 7i the relation 

(C/,(t,0)(V®e T ))(4) = Vt(x\ ) )^®e T {xl), (101) 

is valid z^-a.e. on fig". The unitary operator U v {t, 0) is defined by the relation fllOip up to 
unitary equivalence. The continuity conditions are required for the compatibility of the prop- 
erties of U u (t, 0) with the properties of the quantum stochastic evolution operators Vg(xg), 
specified by 

The statistical realization 

{H(y),\e T ){e T \,Xi{-),U v {t,Q)} (102) 

at any moment of time t £ (0, T], presents on 1~L{v) the invariant class G(t) (cf.[36]) of unitarily 
and phase equivalent separable statistical realizations, corresponding to the time-dependent 
QSR, specified in Section 2.2. 

For any t £ (0, T] the representation of the instrument (^) through the elements of the 
statistical realization ( |102[ ) is given by 

A^(^)[y] = E| eT)(eT |[c/;(t,o)(y^^(^))^(t,o)], (103) 

where for any statistical operator a on H(f) the notation E CT [-] denotes the normal completely 
positive bounded linear map E CT [-] :B(K.(v)) — ► B(Tt), such that for VQ € B(JC(y)) the relation 

tr{pE ff [Q]} = tr{(p a)Q} (104) 

is valid for any statistical operator p on Ti [42]. 

The family ( |50"| ) of POV measures is represented by 

^(B§)=E |er>{er |[CC(t,0)(I®^W)^,0)]. (105) 
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Similar to (101), introduce also for any t > r > the unitary operator U v (t, r), strongly 
continuous in t from the right, satisfying the relation U u (t,t) = I and such that for Vif) G Tt 

ct(xq) (106) 

u-a.e. on £7^. Then we have the following relation for the conditional instrument (|62]): 

A^(dxt|x5)[y]^(dx5) = E| eT)(eT |[C/;(t,r)(y®X*(^))^(t,r)], VY£B(H) (107) 

and, consequently, A/^(da;^|xQ)[-] is the Radon-Nikodym derivative with respect to Vq(-) of 
the instrument standing on the right hand side of ( |107| ), 

Due to d||), ([Tool) and (fTOTp , for any i > r > s > we have 

u s (-) = E leT){eTl [U;(t,r)(I^X^.))U u (t,r)] (108) 
= E| eT)(eT |[/®X s (-)] 

and, therefore, 

E leT){eTl [U:(t,T)[I®X°(-),U u (t,T)]]=0, (109) 
where T>t>r>s>0. Prom ( |109| ) it follows then that the family 

{U v {t,r) : t G (0,T];t € [0,T];t > r; E/ V (r, r)| T>0 = /; s-\imU„(t,0) = 1} (110) 

of unitary operators, strongly continuous in t from the right, satisfying ( |101| ) and fll06|) , has 
the property: 

[I®Xfr),U„(t,T)](i/><8>eT) = 0, (HI) 

W? G W; Vt > r > s > 0. 

Let be a complex separable Hilbert space isometrically isomorphic to 7~L{v) by a unitary 
transform R, that is, TLr = RH(v). The relation P R ' l \-) = i?X*(-)i? _1 defines the family 

{P ( R ' t] (-) : T > t > t > 0} (112) 

of mutually commuting, compatible projection- valued measures P R (■) : — ► B(H R ) of the 
type [i/* (■)], satisfying 

P%'\b\ x 5*) = Pp s \Bi)P^\B s T ), (113) 

V£* G J*, VB S T £F°;Vt> s>t> 0. 
Let 

{U R (t,r) :t€ (0,T];r G [0,T];i > t;U r (t,t)\ t>0 = P, s-limU R (t,0) = 1} (114) 

be the family of unitary operators on ICr = (1(g) R)K{y) = TL(& Hr, corresponding to L^(t, r) 
on JC{y). Then 

U R (t,r) = (I(^R)U u (t,T)(I<g)R- 1 ). (115) 
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Denote f R = Rex- From ( |112| ) and ( [L15| ) it follows that for any ip G TL 

[U R (t, t),I &> Pg' s] (-)](ip ® /«) = 0, Vt > r > s > 0. 
Furthermore, for any i > r > and any tp £ 7i: 

(I®P { °' t] (dx t ))U R (t,T)&®f R ) = (Vt(x t )®P i °> t] (dx t ))(iP®f R ), 



U R (t,T)(lf>®f R ) 

(fR,P { R T ' t] (-)fR)n R 



(Vt(xl)®P { °> t] (dxl))&®f R ), 



(116) 

(117) 
(118) 

(119) 



where the relation ( 117| ) should be understood in the infinitesimal sense. For the description 
of the most general case of continuous-time nondemolition measurement the relations (117)- 
( |119j ) were first introduced in [35]. 
Due to ([iT7|)-(pl9D, we have 



E \fnKfn\PR(tM 
E\f RKfR \[(I ® P R °' t] (d4))U R (t,r)] 



vs(xiy Q (dxi), 



KVoK(^4)- 



(120) 
(121) 



From (|4j), (|116| ) and (|117|) it follows that for any t > s > r > and V-0 G H the uni- 
tary operators U R (t,r) (and, hence, also the unitary operators U u (t,r)) satisfy the following 
relation 



U R (t,r)(^®f R ) = U R (t,s)U R (s,T)(i>®f R ), 

which we call a cocycle property with respect to the vector f R G Ti R . 
The statistical realization 

{n R ,\f R )(f R \,p R °' t] (-),u R (t,o)} 



(122) 



(123) 



is unitarily equivalent to the statistical realization (102) and at any moment t G (0, T] presents, 
in general, the invariant class G{t) of unitarily and phase equivalent statistical realizations, 
corresponding to the time-dependent QSR, specified in Section 3. 
We shall call the 4-tuple 



{H R , \<p R )(<p R \,P { R ' T] (-), {U R (t,r), :0<r<t< T}}, 



(124) 



represented by a simple projection-valued measure P R 0,T] (-) : n J -► B(Hr) and a family of 
unitary operators (114), with properties (116) and ( |117| ) - (122), respectively, the measur- 
ing model of continuous-time direct quantum measurement, corresponding to a simple time- 
dependent QSR. 



7 Scheme for continuous- time indirect nondemolition mea- 
surement 

Building on [35], we now consider the scheme for continuous-time indirect measurement pre- 
sented in [7-10]. This type of measurement implies that indirect information about the quan- 
tum system S is obtained via a direct measurement upon another quantum system, say R 
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(with a Hilbert space Hr), entangled with S. The unitary evolution of the compound sys- 
tem (S plus R) on the complex separable Hilbert space Kr = TL® TLr is described in the 
frame of the Hamiltonian approach, while the description of a direct measurement upon the 
quantum system R from the point of view of QSA should be based on the introduction of a 
corresponding QSR. 

However, up to the present moment, the consideration in the physical and the mathe- 
matical literature of continuous-time indirect observation on the system S has been given, in 
fact, only for a special case, where the POV measure of the continuous-time direct measure- 
ment upon the quantum system R is presented by the joint spectral measure of a family of 
self-adjoint, time-dependent operators {Quit) '■ t £ (0, on ICr, mutually commuting 

[Q H (t),Q H (r)] = 0, Vt, r 6 (0, T] (125) 

and corresponding in the Heisenberg picture to some observable of the quantum system R. 

A von Neumann observable Qij(t), t € (0, T], satisfying the condition ( |125| ) is usually 
termed nondemolition [29,44,35] or self-nondemolition (cf. [7-10] and references there). 

However, as was pointed out in [7-10], the condition (|125|) alone does not ensure the exis- 
tence, at any moment of time t £ (0, T], of an instrument (with respect to the quantum system 
S) which describes, via (^), conditional expectations of any von Neumann S-system observ- 
able Z under continuous-time indirect measurement and, consequently, allows to introduce 
the family of posterior states (cf.(||)). 

That is why, in [7-10], along with the condition (|125| ) there was also introduced an ad- 
ditional condition, specified below by ( |126| ). These two conditions are required to represent 
continuous-time indirect nondemolition measurement and are announced in [7-10] as "'prin- 
ciples of continuous in time nondemolition observation". 

Let {U(t, t) : t, r E [0, T]} be the cocycle of unitary operators, describing the evolution of 
the compound system (S plus R) in the interaction picture, induced by the free dynamics of 
the system R (cf., for example, [35]). Then, according to the definition given in [7-10], under 
continuous-time indirect nondemolition measurement: 

• there must exist the nondemolition observable Quit) = U*(t, 0)(I <g> QR{t))U(t, 0), cor- 
responding to some free dynamical observable QR{t) of the system R; 

• at any moment of time t € [0, T] any von Neumann S-system observable Zu(t) = 
U*(t,0)(Z <g) I)U(t,0), Z € B(Ti), where Z = Z*, must commute with the observables 
Qh(s) at all previous moments of time: 

[Z H (t),Q H (s)]=0, Vt>s>0. (126) 

Suppose, for simplicity, that for the family of self-adjoint, mutually commuting operators 
{Qnit), t € (0, T]} its joint spectrum [12] coincides with = D(0, T\. 
We are now in position to prove the following statement. 

Proposition. In the most general case, that is without specifying a concrete nondemolition 
measurement model, the simultaneous fulfilment of conditions (|125| ) and (|126j ) is equivalent 
to the following: 
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the family of self- adjoint operators {Qn(t) : t £ (0, T]} is a family of mutually commut- 
ing operators such that their joint spectral projection-valued measure P R ' T \-) : — > 
B(7i R ), for any T > t > t > 0, satisfies the commutativity relation 



[U(t,r),I®P R °' T \-)] = 0, (127) 

where = P^ ' T] (#o x Q t) for VSj G ^. (iVoie t/iat 

[^(t,T),/®Q fl (*)] = J (128) 
V t > t > s > 0, presents an equivalent formulation of the relation ( 127Q ). 



Proof. Let the ( |125| ) and (126) be satisfied. Then from the condition ( |125| ) it follows 

(cf.[12]) that there exists a joint projection-valued measure Ph' T \-) &o — ► B{TL <8> T~L R ) such 
that for any t € (0, T] 

Q H (t) = lx t Pp T \dxl) = ! xtP^idxl), (129) 

where the projection- valued measure P^'^Pq) = P^' T \Bq x fi^). 

For any Z € B(TL), Z = Z*, the commutativity relation (|126[) is then equivalent to 

[Z^pj^OHO (130) 

and, hence, to 

[Z ® I, t/(t, 0)Pj°'* ] (-)*r 0)] = 0. (131) 

Since ( [L31|) is valid for any von Neumann S'-system observable Z G B(Tt), by the commuta- 
tion theorem of von Neumann algebras the projection-valued measure U(t, 0)Pjy (-)U*(t, 0) 
must have the form: 

f7(i,0)P$'* ] (•)£/*(*,()) = /®P<j°' i] (.). (132) 
From ( |132| ) it follows that the relations 

P ( h' T \-) = U*(t,0)(I®P r °' t \-))U(t,0) (133) 
= U*(t,0)(I®P R °' T] (-))U(t.0) 

are valid for any t > r > 0. The relation (127) follows from ( |133| ) trivially. 

Furthermore, due to Q H (t) = U*{t, 0){I®Q R (t))U(t, 0) and the relations (|j~32D and (|l33|) , 
for any t > we have the following representation: 

Q fl (t) = l x t P^ T \dx T ) = l x t P^\dxl). (134) 

Consequently, the von Neumann observable Qn(t), t E (0,T] is also nondemolition. 
The proof of the converse statement is straightforward. 
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We would like to emphasize here that although the conditions (125) and (126) do not imply 
any concrete measurement model, the consideration of continuous-time indirect nondemolition 
measurement (cf.[7-10] and references therein), leading to the derivation of the quantum 
filtering equation, was presented only in the frame of quantum stochastic calculus. The 
measurement model of quantum stochastic calculus is essentially Markovian. That is why, as 
already pointed out in the Introduction and Section 5, under the scheme of continuous-time 
indirect nondemolition measurement, the quantum filtering equation, introduced in [7-10], as 
well as its further analogues [4-6, 27,29], correspond to quite special stochastic models, which 
are Markovian. 

8 The scheme for continuous- time indirect nondemolition mea- 
surement as a special measuring model of continuous- time 
measurement 

In this Section we show that : 

• For the general measuring model (124) of continuous-time direct quantum measurement 



there exists a uniquely determined family {Qn(t),t £ (0,T]} of mutually commuting 
(and hence nondemolition) self-adjoint operators on 7i, defined on a common domain 
D. For any < r < t < T the joint spectral measure of these operators satisfies the 
relation 

[U(t, r), / ® P R °' r] ® f R ) = 0. (135) 



Since the condition (127) is only sufficient for the relation (135) to be valid and since, 
in contrast to the model of " continuous-time indirect nondemolition measurement" , the 
unitary operators U(t, r),0<r<t<Tin (|124| ) are strongly continuous in t only from 
the right, the model of continuous-time 'indirect nondemolition measurement' represents 
only a special case of the measuring model (|124| ) of continuous-time observation of a 
quantum system. 

For the most general (that is, not only in the frame of quantum stochastic calculus) 
model of continuous-time nondemolition measurement with initial state of the system 
R being pure, under some further technical (for simplicity) restrictions, specified below, 
there exists the uniquely defined simple time-dependent QSR, introduced in Section 2 
and satisfying properties (H) - (^5[) . 



Let Pr' T ^ be the projection- valued measure of a measuring model ( |124|) . Introduce the 



Consider the first point. 
Let P R ' T ^ be the projec 
system of self-adjoint operators {Qii(t) : t € (0, T]} given by 

Q R (t) = I x t P<£: T \dxl) = f x t P R °' t] (d4). (136) 

These operators are mutually commuting (cf.[12]) with a common domain 

D = {feH R : [ (x t fu f (dxl) <oo,VtG (0,T]}, (137) 
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where the probability scalar measure Vf{dx^) = (/ ', P^ T \dx^) f) on S7q. The relation (135) 
corresponds then to flll6j ). 



Let us now prove the second point. 

Come back to the notation of Section 7. Let fa be the initial state of the quantum system 
R and let the conditions (|125| ) and ( [L26D be satisfied. Suppose also, for simplicity, that the 
joint spectrum of the family of nondemolition observables {Qn(t) '■ t £ (0, T]} coincides with 
S% = D(p,T\. 

Then, according to the consideration in Section 7, {Qn(t) : t G (0, T]} must be a fam- 
ily of self-adjoint mutually commuting observables with the joint projection- valued measure 
P R °' T] {-) : tig -» B(H R ), satisfying the relation (|l27l) . 

The relation 

(fRP R °' T] (-)fR) = ^(-) (138) 

determines the probability scalar measure (■) on the filtered space (Oq , {^t},^ 7 ). For sim- 
plicity, suppose that P R ' (•) is simple. The family of quantum stochastic evolution operators 



V*(-) : % -> B(H), Vt,r G (0,T]}, is then introduced similarly to (|i06|) (cf. also [36]) and 
has the properties ( ^9| ) - (|45|) 



9 Concluding remarks 

A full description and classification, in terms of invariants, of all possible integral representa- 
tions of any given quantum instrument were presented in [36] where the interpretation of the 
derived mathematical results for the quantum measurement theory was also proposed and 
discussed. In the present paper we consider the further development of the general quantum 
stochastic approach, introduced in [36,37], for the description, in the most general case, of 
statistical and stochastic aspects under continuous-time measurement. 

Specifying, in general, the time- wise properties of a quantum stochastic evolution operator 
describing the stochastic evolution of an open quantum system subjected to continuous-time 
observation, we introduce the notion of a conditional quantum instrument and discuss the 
properties of the families of time-dependent quantum instruments that describe a continuous- 
time measurement. We present also the time-wise specifications of compatible in time outcome 
laws and the formulae for the conditional and unconditional posterior states. 

Further, we define, in the most general case and without assuming any Markov prop- 
erty, the notion of the posterior pure state trajectories in a Hilbert space and present their 
(compatible in time) probabilistic description. The restrictions, under which the stochastic 
evolution of a continuously observed quantum system is Markovian, are also specified. 

We construct a 'canonical' measuring model of a continuous-time observation of an open 
quantum system and prove that, formally, the scheme for continuous-time indirect nondemo- 
lition measurement represents a special case of this model. 
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